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Abstract 

We study the 1+1 dimensional Yukawa theory, in a certain limit of its 
parameters g, M, m ( as suggested by the study of causality in presence of 
bound states in this model [1]). We study the bound state formation in the 
model. In the limit g — ?■ oo,M — )• oo, in a certain specific manner, we show 
, that there are a large number of bound states of which at least the low lying 

states are described by the non-relativistic Schrodinger equation. We show 
' that, in this limit, the excited bound states are unstable and deem to decay 

quickly (lifetime r — )■ 0) by emission of scalar (s) in this particular limit. The 
mass of the ground state is not significantly affected by higher order quantum 
IQ ■ corrections and by proper choice of parameters, involving only small changes, 

can be adjusted to be equal to the mass of the scalar. As a result of quantum 
effects, the state of the meson mixes with the lowest bound state and may be 



> 

o 



00 

' dominated by the latter .We show that in this detailed sense, a scalar meson in 

■ Yukawa model can be looked upon as a bound state of a fermion-anti fermion 

pair formed. 

X 

1 Preliminary 

We consider the 1 + 1 dimensional Yukawa theory, 

C = i)[i fi-M + g<i)\ij + ^9^09^0 - ]^m^<p' (1) 

and expand </> = </)c + </'5, where <^c is the classical field obeying the classical equation 
of motion: 

[d^ + m']<P, = g{,p^lj), (2) 
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leading to the Yukawa potential, and 



Cx =gi/jip(f)g + 



(3) 



is the quantum interaction Lagrangian. [This division is more or less like what 
we do when we discuss radiation from an atom (see e.g. [2])]. The fermion anti- 
fermion pair interacts in the first instance via (pc, the classical Yukawa potential and 
form bound states. In absence of Ci, these are the exact stationary states of the 
system (like the H-atom has them if interaction of an electron with a photon were 
neglected). The excited states, however, are unstable against decay via emission of 
scalar(s) through the interaction Lagrangian £j. We want to show that in a certain 
limit of parameters g,m,M, (suggested by a study of causality in this model, pQ) 
there is only one stable bound state and the scalar particle can be identified with it. 
All other bound states are highly unstable (r — 0). 

The motivation of the work derives from the study of causality in the Yukawa field 
theory model jl]. We have considered the limit g — )■ oo, M — > oo and = const. 
of the field theory model and shown that the model reduces to a (j)^ nonlocal field 
theory which does not preserve causality. For the interpretation to hold, it is crucial 
to know the bound state nature of 1 + 1 dimensional Yukawa model in this limit. 
We find that in this limit, only one bound state, Yukawa ground state, is stable and 
has nonzero lifetime. This result has been employed in [1], to interpret the result in 
terms of the scalar field representing the Yukawa bound state. 

2 Non-relativistic Bound States 

We shall consider the fermion anti-fermion system (mass M each) in a bound state 
via the attractive Yukawa potential [This is a solution of ([2]), under appropriate 
conditions.] . 



We shall assume that the mass M is large, and that the bound state is non- 
relativistic. (This will be justified later). For the relative motion, the non-relativistic 
Schrodinger equation is satisfied (reduced mass is y)- 



m\x\ 



V{x) = ~g 



2m 
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,2 



2m 



■ijj = Eijj 
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where E = —e < is the energy of a bound state. We introduce the change of the 
independent variable: y = e~"^l^l/^. Under this change, the equation transforms to 



y 




[The equation, now, has to be solved separately for x > and x < and the 
solutions have to be tested for continuity of ip and ^' at a; = 0]. A further rescaling: 



t = = \/^^^y = y^^^e "^l^l/^ will put the equation in the form of the Bessel 



with u = +\/^^- [We recall that as e is always less than the depth of the well 



the allowed values of u will turn out to be less than We note that as 
X — j-ioo, t — J- 0. As X — 0^, t — )■ ^. The boundary condition at x — ±oo requires 
that ip (0) —7- 0. This requires that we take the solution which is regular at t = 0, viz. 
Jj, (t) and drop the singular solution A^j, (t). The discrete values of e are determined 
from the conditions of continuity at x = 0: 

1. ip {x ^ 0~) = (x — 7- 0^) =^ (t) is continuous as t — from either side. 



2. £^ (x ^ 0-) = £^ (x ^ 0+) ^ij'it^^;x^ 0-) = -iP' {t^^;x^ 0+) 



These boundary conditions can materialize in two distinct ways: As the potential is 
even, the non-degenerate states will have a definite parity[?]; so that, 

1. the wave-function is even and -^ip (x — 0") = -^ip (x — > 0"^) = 0; (and ip {x = 0) 



2. the wave-function is odd: ip {x = 0) = 0, (and -£:ip (x 0") = -^ip (x 0+) ^ 



In the case 1 above, ip (t) satisfies: ip' (t) = at t = C,. In the case 2 above, ip {t) 
satisfies: ip (t) = at t = ^. Thus, the energy eigenvalues are determined by: 




equation [3l H]: 





0); 



0); 



1. J, (0 = 0, or 



2. JMO = 



3 



[where, from the properties of JuiO^ both J^, (^) and J'^ (^) cannot simultaneously 



vanish for a ^ > [7] ]. The energy dependence enters through the order u = +y 

of J,y. 

3 Properties of Bound States and Relevant Prop- 
erties of Jjy (^) 

For the ground state, being an even wavef unction,, (0 = 0- ^ is so determined 
that ^ is the first positive zero of (0- The ground state wave-function is 

ij = CJ,i^exp[-m\x\/2]) (4) 

The relevant properties of the ground state wave-function are: 

1. < ,^ as expected and for a large | — )■ 1 from below. This implies that 
^2^2^ ~^ ^ from below. The exact behavior is given as [8], 

^ = u + 0.808618z/^/^ + O {ly'^^^) = v + av^'^ + O [y'^''^) (5) 
This can be numerically verified: See Table 1. 

2. ^-^2^^ )■ 0. The quantity ^ is proportional to the maximum depth of the well 

v'^ like-wise is proportional to the magnitude of the ground state energy 
eigenvalue. So, — z/^) gives an upper bound on the kinetic energy of the 
ground state. We shall consider the depth of the potential approximately equal 
to 2M. The relation then implies: = -> ; or that 

the ground state is non-relativistic. Evidently, it will also apply to low lying 
excited states. 

3. )■ 0. It behaves as ^ ~2 ~ v""^!^ . This follows from (E]), which implies. 



= [0.808618z/^/^ + O (z/^^/^)] 

X [2z/ + 0.808618//^/^ + (z/~^/^)] (6) 
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= 1.617236z/^/^ + 0.654z/2/3 + O(l) 
(e^-^') ^2/3 ^ 1.617236^ + 0(z/-2/3) (7) 

= 1.617236 + O {ly'^^^) 
We first note that the ([7D tells us that 

^ ~ « 1 (8) 

and offers a justification for treating the ground state non-relativistically. Fur- 
ther, the specific behavior imphes that the root mean square momentum 
< Ms. This behavior will be used in deciding the cut-off A on the 
quantum correction to propagator. 

4. Let v' be the largest value satisfying Jyi (^) = for a given ^ . This state 
corresponds to the first exited state. Then [9], 

i^v \ 1.8588z/'^/^ = v ^ (5v'^/^ (9) 

Equations (JSj) and ([9]) imply 



Z/2 - U'^ 



2{l3-a) + O [u-^/^] = 2.1Z/-2/3 + O 



Recalling that z/^ — v''^ oc Ae, the energy gap between the first excited state 
and the ground state. This implies that, 



2M '^'^\2^/2m) 



m \m J V2a/2M / V / 

Thus, the energy gap Ae » m. Kinematics does not forbid excited state be 
unstable against the decay: 

Excited state — ground state + a scalar 



^ = 2^ir?^|,__| =2.1x11^1 >1 
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Table 1 



V 


i 


V 

f 








z/2 - z/'2 




e 




^1.333 


100 


103.76838 


0.9637 


0.0713118 


1.535893693 


95 


975 


2.1038008 


150 


154.30972 


0.9721 


0.055078 


1.554393383 


144 


1764 


2.21701654 


199 


203.73309 


0.9768 


0.0459239 


1.564782456 


193 


2352 


2.02799167 


300 


305.4238 


0.9822 


0.0352012 


1.576909638 


283 


4151 


2.07085695 


500 


506.42703 


0.9873 


0.0252208 


1.588151557 


492 


7936 


2.00389353 



This holds also for higher excited states. 

5. The excited states can decay to the ground state or lower excited states by 
emission of a scalar (s). We shall present the calculation regarding this in 
section [5l The decay width is ~ and is large as g and M — t- 00. The excited 
states are very unstable in this limit. The life-time of excited states will — j- 
as g increases. 

These set of results above can be verified numerically [12] (See table 1): In table 1, 
we have numerically evaluated various quantities. We found it convenient to take 
a several simple values of v and found the smallest solution for it. We see that 
consistently, the ratio | approaches 1 from below. We next study how | approaches 

1 from below. We compute ^ ~2 v^l^ and note that it approaches a constant. For 

each we find the largest solution v' satisfying Jyi (,^) = corresponding to the 
first excited state. We have had to round the value to an integer (which explains 
the fluctuations in the last column.). 



4 Connecting Mass with Net Bound State Energy 

We have taken a fermion-anti-fermion pair of mass M each, bound together in a 

2 

Yukawa potential of maximum depth We have assumed that M » m. We 

want to ultimately show that the bound state can actually be identified with the 
scalar mass m of the particle that gives rise to the Yukawa potential. In order that 
this can be done, first of all, there is a need for consistency in the mass of the bound 
state and of the scalar. We shall show that by making a small adjustment (much 

2 

much less than M) in the depth of the well ^ we can make the net energy equal 
the mass of the scalar m. We would like. 



Total relativistic energy of a bound state = 2M — e = m 
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This together with (|5]) leads to 



2M ^ 8M2 \v) \ 2MJ ^ ^ y V j V z/2/3 



(2a.V3 - v/2) ,,,3 
2M z/ ^ V y 

Compared to = 1, this is a shght relative adjustment in the depth, which 

moreover vanishes as M 00. We shall see the purpose of this minute adjustment 
more clearly in a future section. 

5 Decay of Excited States 

We would like to argue next that the exited states are highly unstable and decay 
to suitable lower excited state(s), including the ground state. The lifetime of the 
excited states tends to zero as (7 — 00. [We cannot base the result simply on 
dimensional analysis because the result depends on an overlap integral involving 
Jjy. V depends upon the dimensionless ratio M/m]. To begin with, we shall assume 
that g is not too large, and we can employ time-dependent perturbation theory in 
the Schrodinger picture. Let the n-th bound state [{n — 1) — th excited state] have 
energy 2M — when at rest. Let the bound state under consideration be in the n*'* 
state at t = 0. We write the Hamiltonian operator in the Schrodinger picture as, 

H = HH{t = 0) 

= Ho + gHi{t = 0) 

Hi{t = 0) = y rfx : ^ (x, 0) (x, 0) 0g (x, 0) . 

Here, Hq is the free Hamiltonian, with the classical Yukawa interaction, that in 
the non-relativistic approximation leads to bound states of a fermion anti-fermion 



pair and Hi is the interaction Hamiltonian (from (j3])) that leads in particular, in 
first order perturbation theory, to a decay to a lower state with the emission of 
a scalar. Let the wave-function of the m*'* bound state in the momentum space 
be Prn (q), where 2q is the relative momentum between the quark anti-quark pair. 
We denote by / dp(3n (p) \p, —p,0) ® |0)f, the initial state, where p and —p are 
the momenta of fermion and anti-fermion relative to its rest-frame, is the mo- 
mentum of the CM and |0)^ is the vacuum state for bosons. The final state is 
/ dql3m (q') 1^ + 5', ^ — 5, P) ® |/). We express the relevant terms in Hj in terms of 
creation and destruction operators: 



Hi it = 0) 

dlidpidp2 



I 



^2 (Pi) ^' (Pa) 27r(5 (/i + p2 - Pi) + •••• } 



a«i Ki^P2^ (Pi) ^ (P2) 2vr5 (/i +pi- P2)] 



where we have expandecl^l. 



{dip),dHq)} = 2n5ip-q) 

\p) = y^,dHp)\0) 

{p\ p) = 2115 {p - p) 2Ep etc. 



Hj consists of a term that leaves anti-quarks unaffected but destroys and cre- 

(2) 

ates a quark and a scalar. Hj on the other hand consists of a term that leaves 
quarks unaffected but destroys and creates an anti-quark and a scalar. We note that 



■^We shall use the conventions in jl3) . 
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dp \p') = 2'7iy/2Ep6 {p — q). We have to compute the matrix element, 



M 



P P 

dpdq/3n (p) f3*^ (g) (/| ® ( - + g, - - g, P 



Hiit = 0) \p, -p, 0)® |0) 



= M1+M2 



where, 



Ml 



/P P 

dpdq (— + q,— -q,P 



X / ^MPiC^P2 ^ ^^^1 ^^^j [4i^P2^ (Pi) ^ (^2) 5 ill +pi- P2)] } 



X <5(/i-/)|p,-p,0) 



P2 



- / dpdqdhdpidp2 {[u (pi) u {P2) 6 {h + Pi - P2)]} 



X 5 (/i - /) 5 ip2 -p)5(pi-q-^^ 2n6 (^-p + q - 2i?p/3„ (p) (g) 

= - j dqu(^q + ^^u(^q- /3„ (^g - (g) 27r2E^_p5 (/ + P) 

= -6il + P)Mi 



dqv{ -q-^] V 



-q + ^) (q + ^]^*m (q) Hl + P) 2^2E,+ P 



= -6{l + P)M2 



Let 



= (m| |n) = (/ + P) [M1+M2] = -gS {l + P)M 



We shall be using formulas corresponding to discrete normalization rather than 
continuous. Hence, we make the replacements [TU]: 



27r 



Hp-p); dl = l/^{2L)dHp): \\p) = l/^2LEp\p)- aj = l/v^a^ (p) 
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[Here, dj^ and \\p) refers to the discrete formulation and {p) and \p) to continuum 
formulation.]. We have, for the continuum matrix element, now called Hmn, 

H^n ^ [2Lf'^ ^jMnM„,EiH^n = -gS {l + P)M^ -g^6i,.pM 

where, from now on, we shall denote by Hmn the matrix element in discrete case, 
which then is, 

Hmn = l=M5l^^p 

\J L 



where c oc 1/ a/ M^MmEi . We now first suppose that the coupling g is weak. Then, 
we can legitimately employ the first order time-dependent perturbation theory. Ini- 
tial state of the system is the nth bound state. The amplitude that the system is 
found in a bound state m+ a scalar particle is given by [2], 



Cm (t) = -i f dt'e'^-''Hmn = t^M6i,.p [ dt' e'^^'' = ^M6i,^p 
Jo V L Jo VL 

So the transition probability is {Sf_p = Si^^p 



Pm{t) = \Cm{t)\ 



\ 2 I 

where we have employed. 



1 sin^tx 
hnit^oo — 5— = [x) 

Tit 



Transition rate, which is probability per unit time, is 

1 . /w„ 



Rm-^n = (const)q^ lA^P vr— — — — — — 5 ( Si _p 
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~ 5;,/^ assuming Mm » I » m 
Thus, the contribution to the width of n — th state from this decay — )■ m is 

The dimensions of F are that of M. Hence, dimensions of \Mf is M^. Since the 
former is a function of ^ and and M , we have Tn-^m oc Mf . Let us apply 
this to the transition from 1st excited state to ground state. Then, 

Mn = m, Mm = m + 2.1 [ — m, ~ 2.1 — m, 

\m J \m J 



so that 



[MnMmEl 



1-1 



m? X (2.1)^ 



m \ 2/3 



This calculation is completed in the Appendix A. 

We can't borrow the results directly from the standard treatment of the radiation 
problem in textbooks (or with minor modifications). Major differences from the 
standard treatment of the radiation problem and the present case are: 



1. Former is a 3-dimensional problem. Phase space is different. 

2. It involves photon wavefunction rather than the scalar wavefunction. 

3. Latter involves overlap integral involving large order Bessel functions. If the 
overlap integral tends to zero fast enough in the limit we have considered 
despite a factor of g"^ in the amplitude and despite increasing phase space, the 
result could be spoiled. [The overlap integral, in fact, does tend to zero but 
not fast enough]. This is the reason for investigation the relevant section in 
detail. 
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6 Some Issues 



Before we proceed, we have a number of issues to settle: This will be done largely in 
appendices. But, here we list them and state our conclusions and how we use them. 
Approximations we made: 

• The constituents of the bound state are non-relativistic. 

• The O [g"^) interactions are sufficient to determine the bound state structure. 

• Renormalization effects on mass are ignorable. Quantum corrections to the 
classical mass of the scalar and whether that can alter our conclusions. 

The last issue will be discussed in appendix B. The first two will be discussed in 
appendix C. 



7 Identifying Scalar Field with the Stable Bound 
State 

Consider the full propagator for the scalar field for xq > Uq in presence of bound 
states. We have, 

A^(x-y) = (O|0(x)0(i/)|O) = ($(x)|<l>(y)) 
= {^{x)\X\^{y)) 
= ($(x)|{SjvI;„)(v[;„|}|$(^)) 

where |\E'n)is a stable state with the same quantum numbers as |$ (y)). As shown in 
the earlier section, there is only one such bound state, the ground state, and there 
will be a set of scattering states. We shall assume a spectral representation for the 
exact propagator: 

oo 

{p) ^ F.T. {Af {x -y)}^ [ , ^ ^ . da' 

J — (T^ + 



with, 

p {a') = Z5 {a' - m') + B5 {a' - mj) + p, [a') 
where, mi is the rest-mass of the ground bound state, i3 > 0, and we assume 

Pi(fx') > 
12 



Pi (a^) =0, < 4M^ 

j-OO 

/ Pi (a^) rfa^ = l-Z-B 



< 1 

Here, we have assumed a relation similar to one that is thought to hold in LSZ 
formulation: 

POO 

l = Z+ p{a^)da^ 

. Then, 



Af (p) = Y—- + 2—- + / V^^^y^ 

We note that usually in a QFT, Z — j- as more and more channels in propagator 
are taken into account. Hence, we should have, B + J^,p Pi (cr^)=l. Now, we study 
the propagator for small, 

- / =^ / < 7771 / Pi ^ ~ 7771 ^ 

as M —J- 00, where use has been made of J^j2 pi (o"^) dcr^ < 1 . 

[An alternate argument can also be given: The last term in the above depends 
on pi (cr^) which in turn depends on probability of finding a scattering state of 
an invariant mass a, where a > 2M. We expect this to be rather less sensitive 



to m. Now, C = C {g,m,M) = C 



-9L m M 

mMi Ml ^^-^ 



. Now, C is dimensionless, hence 



C = C 



mM^ M 



. To the lowest order, this quantity is 0{g'^) and also insensitive to 



m. Hence, C ~ ~ ^2 • similar reasons, we expect that, in higher orders, 

C is a function of single dimensionless variable g'^/M'^ : C = C [g"^ /M'^]. In the 



2 

limit under consideration, C — t- C[0] = hm^^oC [g'^/M'^] = the 0{g^) result ~ j^. 
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Hence, we have, 



lim 



C 



(10) 



'M— 5>oo 



4M2 







] and we find that, the corrections to propagator is saturated by the ground bound 
state. Now, if Z — 0; S — > 1; the propagator itself will be represented fully by the 
propagation of bound state. 

8 Uses of this Formulation 

We summarize the uses of this formulation as follows: 

• This formulation allows one to look the scalar field as representing a propa- 
gating bound state. 

• In particular, the interaction Lagrangian of the scalar fields, obtained by in- 
tegrating with respect to ip, is that due to a tight bound state of Non- 
locality in the interaction of scalar field can be conceivably understood as due 
to the bound state nature of a scalar (p. 

• One cannot distinguish if it is a theory of an elementary field or a composite 
bound state. 

• This formulation has been useful in study of whether bound state formation 
can affect causality of the theory [1]. 
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Appendix A 

In this appendix, we shall perform an explicit calculation of the decay width for the 
process 1st excited state — )■ ground state + a scalar. We have seen, in section [5], 
that this is given by 
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Here, we need to estimate \Mf ■ To do this, Consider first Aii. 



Now, 



And 



All oc / dqu[q+^] n ( q - ^] (3n ( q + ^ ] PI, {q) E^_p 



Pn{q) 



/oo 
dx CJy exp (— m|x|)) exp {—iqx) 
-oo 



dXC (^exp exp {-i{q/m)X) 



— CF 

m 



m . 



+ .... 



C 



dxJl exp {—m\x\)) 



-1/2 



1 r dt ^ 



-1/2 



Thus, we find. 



/3n(g) 



Setting — = Q and letting m — 0, we obtain. 
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In the limit m — )■ and M — oo, we can set 



and also, 



u(mQ + ^ju (mQ - ^ j ^ u ] u 



E^^ p ^ M 



1 ~ M 



Then the expression for A^i is proportional to 



P 



We recognize the above manipulations equivalent to proving: 



Ml oc j dqu (^q + u - ^ fin [q + ^ PI, (q) E^_p 



J dq(3n(^q+^^(3*^{q) 



Now, 



X 



oc 



j dq/3n (^q + 13*^ (q) 

/CO roo / 

dq / dxCJu {i exp (— m|x|)) exp I —i 
-oo J —oo \ 

dx'C'J^ {C, exp (— m|x'|)) exp {iqx') 



q + 



X 



/CO f P ^ 

dxCC'Ji, exp (— m|x|)) exp (— m|x|)) exp ( ""^"^^ 
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Let us employ In^ — m\x\ = Int; dx = so that 



oc - f'^CC'J,{t)J,{t) 
m Jq t 



exp I —i (In,^ — \nt) ] + c.c. 

2m 



exp —I m,^ 



m 



2m 



^^CC'J^ (t) (t) exp (i^ \nt 



t 



2m 



c.c. 



Suppose, 



T^^^^^'^'^^^^^^H^ 



(11) 



We shall now express 



+ 







-J.(t)J,(t)exp^^— 

— J^{t)J^{t)exp — 

t \ 2m 



= h + h 

where a has been chosen so that the following approximation in the first integral /i 
can be made small with any desired degree of accuracy [7]. 



<t < ay/u 



So that Ii can be ignored. Moreover, in the second integral I2, we note that | < 
1 for t being real. Then 



IJ2I < / - = In^ ~ l/21ne 



t 
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is, in fact, not a power-law-behaved quantity. I2, for the present transition, can 
be estimated as foUows: We look at the graphs of Ji, and J,^r, we find that the 
product JuJu' is sharply peaked around a value << to < ^! so that to a leading 
approximation 

dt 

/2« exp (220) / -rJ^if) Jt^if) 
where Zq = ^j^. Putting this in the expression for / in A^i, we find, using z = 



M2 

Ail oc [exp i(z — zo)Io + c.c. 

m 



[2 cos(z - zo)Io] 

m 



Noting that. 



Z- Zq 



2m 



(Ine-lnto)) 



Thus, the magnitude of a typical contribution to T indeed blows in the limit M — 00. 
This implies that the first excited state is totally unstable in this limit. We can see 
a similar conclusion plausible for higher excited states. 



Appendix B:The Quantum Corrections to the Mass 
of the Scalar 

The mass parameter we have been using in the above is the classical mass. We need 
to see if the quantum corrections to the mass of the scalar can alter the conclusions. 
The quantum corrections, to O (f?^), can be calculated by calculating the self-energy 
of the scalar, now in a model that admits bound states. As shown in the section 5, 
in the limit g — )■ 00, M — 00, there is only stable bound state. As argued in section 
7, we can find the self-energy by effectively saturating the propagator by the lowest 
bound state. We shall estimate the self-energy as follows: Lowest bound state has 
a wave- function given by (j4]). Let us first consider the scalar on mass-shell with 
momentum p with on-shell. We can always go to the rest-frame of the scalar. 
When the scalar decomposes between a quark-antiquark pair, they carry momenta 
|, — l+p with an amplitude $0 (q)- ^0 (?) is the Fourier transform of the normalized 
ground state wave-function CJ^, (^exp [— m|x|/2]). We assume that the pair is near 
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mass-shell and hence have ^ 0. The contribution of this intermediate state to 
the self-energy of scalar is 



zEM - -a' I £h ^ TrU + M){M^ + M)] 
9 I (p _ {{k + pY - M2) 



In $0 k is effectively a one-momentum. We can carry out a Wick rotation, so 
that 



$0 (k) $0 i-k) 



k now is a Euclidean momentum. We now recall that $o [k) falls of rapidly beyond 
(/c)^ > A^. We can then estimate the integral by putting a cut-off A and find: 



da 



In 



A2 + M2 - a{l - a)p^ 



2A2 



M2 - a{l - a)p^ J A2 + M2 - a(l - a)p'^ 



For p2 = 0, we 



In 



A^ + M^ 
M2 



2A2 



A2 + M2 



Taking into account the momentum behavior of (jlj), we shall assume that A can 
be chosen as ~ M^/^. Then, we can assume A << M and, we have the quantum 
correction to m?, viz. 



= -S(0) 



El 
Air 



A 



2 1 



M2 



(12) 



which goes to zero as M ^/^ as M — )■ oo. Thus, the mass of the scalar is stable 
against quantum corrections in this limit. 



''Mass correction is usually evaluated at = m^; however the difference is small and doesn't 
affect the conclusion. 
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Appendix C: The Bound States and Use of the 
Schrodinger Equation 



In using non-relativistic equation, which is a second order in g i.e. O {g"^), to obtain 
the bound states, we have made several approximations: 

• The constituents of the bound state are non-relativistic. 

• The O {g"^) interactions are sufficient to determine the bound state structure. 

• Renormalization effects on mass are ignorable. 

We have already addressed to the last question (see appendix B). Further, in our 
present case, we have shown that ^2m^ ~ z/~^/^ (Please see ([8])). As long as u is 
large, i.e. for the low lying states, kinetic energy is small compared to the mass 
of fermions, and the constituents are non-relativistic. As to the higher order cor- 
rections, we can employ Bethe-Salpeter approach [TT]. We consider the next order 
correction to the non-relativistic momentum space wave-function. Let $ (p) be the 
momentum space wave-function as calculated from the Schrodinger equation. The 
next order diagram (See Fig-[1]) is 

-p-q 



p + q 

Figure 1: 0{g'^) diagram. 




(27r) P + q — M + ie p + q — M + is — m? + ie 

For the ground state, $ (p + g) is damped out for |p + > 0(M^/^). Thus, the 
effective range of Ip + g] inside the integral << M. It is not difficult to see that this 

integral is suppressed by a dimensionless factor of O \-^)- [The singular depen- 
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dence on m is at worst logarithmic]. Now, 




mM M M 



g"^ m m 



-T7 < 1 



Thus, in this particular limit, the higher order quantum corrections are indeed negli- 
gible. We note in passing that Harindranath and Perry have dealt with a problem of 
bound states between two different species of fermions [1] in light-front field theory 
for the 1+1 dimension Yukawa problem. They have shown the connection between 
the O {g"^) quantum correction term and the Schrodinger equation (Please see Ap- 
pendix C of reference It holds under the conditions that (i) the constituents are 
non-relativistic and (ii) the O {g"^) and higher order terms in the relevant equations 
can be ignored. 
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Abstract 



We study the 1+1 dimensional Yukawa theory, in a certain limit of its 
parameters g, M, m ( as suggested by the study of causality in presence of 
bound states in this model [1]). We study the bound state formation in the 
model. In the limit g — t- oo,M — ?• oo, in a certain specific manner, we show 
that there are a large number of bound states of which at least the low lying 
states are described by the non-relativistic Schrodinger equation. We show 
that, in this limit, the excited bound states are unstable and deem to decay 
quickly (lifetime r — t- 0) by emission of scalar (s) in this particular limit. The 
mass of the ground state is not significantly affected by higher order quantum 
corrections and by proper choice of parameters, involving only small changes, 
can be adjusted to be equal to the mass of the scalar. As a result of quantum 
effects, the state of the meson mixes with the lowest bound state and may be 
dominated by the latter .We show that in this detailed sense, a scalar meson in 
Yukawa model can be looked upon as a bound state of a fermion-anti fermion 
pair formed. 



We expand (f) = (f)c + (f)q, where 0c is the classical field obeying the classical equation 



1 Preliminary 



We start with the 1 + 1 dimensional Yukawa theory. 




(1) 



of motion: 




(2) 



leading to the Yukawa potential, and 



Cx =gilJip(f)q + 



(3) 



^email address: ahaque@iitk.ac.iii 
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is the quantum interaction Lagrangian. [This division is more or less hke what 
we do when we discuss radiation from an atom, (see e.g. The fermion anti- 

fermion pair interacts in the first instance via 0c; f he classical Yukawa potential and 
form bound states. In absence of £j, these are the exact stationary states of the 
system (like the H-atom has them if interaction of an electron with a photon were 
neglected). The excited states, however, are unstable against decay via emission of 
scalar(s) through the interaction Lagrangian £x- We want to show that in a certain 
limit of parameters g,m,M, (suggested by a study of causality in this model, pQ) 
there is only one stable bound state and the scalar particle can be identified with it. 
All other bound states are highly unstable, (r — t- 0). 



2 Non-relativistic Bound States 

We shall consider the fermion anti-fermion system (mass M each) in a bound state 
via the attractive Yukawa potential [This is a solution of ([2]), under appropriate 
conditions]. 



V{x) = -g 



p-m\x\ 



2m 



We shall assume that the mass M is large, and that the bound state is non- 
relativistic. (This will be justified later.) For the relative motion, the non-relativistic 
Schrodinger equation is satisfied (reduced mass is ^): 



g — = Ei/j 



M dx^ 2m 

where E = —e < is the energy of a bound state. We introduce the change of the 
independent variable: y = g-'^l^l/^ Under this change, the equation transforms to 



,d^ij dij 2Mg' , AEM 

y -n + y-r + — ^y ^ + — 5-^ = 

dy^ dy m-^ m'^ 

[The equation, now, has to be solved separately for x > and x < and the 
solutions have to be tested for continuity of ip and ■?/;' at x = 0] . A further rescaling: 



t = ^y= J^y = J2Ms!e-™l^l/2 will put the equation in the form of the Bessel 
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equation [3l H] : 

^" + ^V^' + (^1 - ^) ^ = 0. 
with u = +\J~^^- [We recall that as e is always less than the depth of the well 

2 

the allowed values of v will turn out to be less than ^]. We note that as 
X — )-±oo, t — 0. As X — 0^, t — 7- The boundary condition at a; — )■ ±oo requires 
that if) (0) — )■ 0. This requires that we take the solution which is regular at t = 0, viz. 
Jy {t) and drop the singular solution N^, (t). The discrete values of e are determined 
from the conditions of continuity at x = 0: 

1. ip {x ^ 0~) = ip {x ^ ^ ip (t) is continuous as t — )■ ^ from either side. 

2. £^ {x ^ 0-) = i:ij{x^ 0+) ^^'{t^^;x^ 0^) = -^j' {t x ^ 0+) 

These boundary conditions can materialize in two distinct ways: As the potential is 
even, the non-degenerate states will have a definite parity|6]; so that, 

1. the wave-function is even and -^ip (x — )■ 0") = -^ip {x — )■ 0+) = 0; (and tp {x = 0) 
0); 

2. the wave-function is odd: tp {x = 0) = 0, (and -j-ip (x 0~) = f-.ip (x 0+) 7^ 

0); 

In the case 1 above, ip (t) satisfies: ip' (t) = at t = ^. In the case 2 above, ip (t) 
satisfies: ip (t) = att = C,- Thus, the energy eigenvalues are determined by: 

1. J, (0 = 0, or 

2. JUO = 

[where, from the properties of Jv{C)i both (0 and Jl (0 cannot simultaneously 



vanish for a > [7] ] . The energy dependence enters through the order v = + 




of J. 
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3 Properties of Bound States and Relevant Proper- 
ties of Jy (^) 

For the ground state, being an even wavefunction,, (0 = 0- ^ is so determined 
that ^ is the first positive zero of Jl{C)- The ground state wave-function is 

7/^ = CJ,(eexp[-m|x|/2]) (4) 

The relevant properties of the ground state wave-function are: 

1. < as expected and for a large | — 1 from below. This implies that 
2 1 — 1 from below. The exact behavior is given as |8], 



^ = v + 0.808618i/^/^ + O = y + av^'^ + O {v'^'"^) (5) 

This can be numerically verified: See Table 1. 

2. ^-p^ > 0. The quantity is proportional to the maximum depth of the well 

u"^ like-wise is proportional to the magnitude of the ground state energy 
eigenvalue. So, (^^ — z/^) gives an upper bound on the kinetic energy of the 
ground state. We shall consider the depth of the potential approximately equal 
to 2M. The relation then implies: |^|^ = ; or that 

the ground state is non-relativistic. Evidently, it will also apply to low lying 
excited states. 

3. )■ 0. It behaves as ^ ~/ ~ z/~^/^. This follows from (|5]), which implies, 

(e-^) + 

[0.808618z/^/^ + O(z/"^/^)] 
[2z/ + 0.808618z/^/^ + (i^^^/^)] (6) 
1.617236z/^/^ + 0.654i^2/3 ^ q ^^-^ 

1.617236— + O (7) 

1.617236 + O [y~'^l^) 
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We first note that the ([7]) tells us that 



~ « 1 (8) 

and offers a justification for treating the ground state non-relativistically. 
Further, the specific behavior implies that the root mean square momentum 
y^jjp) < M^/^. This behavior will be used in deciding the cut-off A on the 
quantum correction to propagator. 

4. Let u' be the largest value satisfying J^/ {C,) = for a given ■ This state 
corresponds to the first exited state. Then [9], 

^ ^ z/' + 1.8588z/'^/^ = iy' + ^v'^'^ (9) 

Equations ([5]) and ([9]) imply 



Z/2 - Z/'2 



Recalling that z/^ — u'^ oc Ae, the energy gap between the first excited state 
and the ground state. This implies that, 

2M ■ \2'/2MJ 

^ . 2^1 " 2^1 X f ilV" > 1 

m V m y V2V2M/ V"^/ 

Thus, the energy gap Ae » m. Kinematics does not forbid excited state be 
unstable against the decay: 

Excited state — ?■ ground state + a scalar 

This holds also for higher excited states. 

5. The excited states can decay to the ground state or lower excited states by 
emission of a scalar (s). We shall present the calculation regarding this in 
section [5l The decay width is ~ g'^ and is large as g and M — > oo. The excited 
states are very unstable in this limit. The life-time of excited states will — )■ 
as g increases. 
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Table 1 



V 


i 


V 








z/2 - z/'2 


2 12 
V ~V 


e 




^1.333 


100 


103.76838 


0.9637 


0.0713118 


1.535893693 


95 


975 


2.1038008 


150 


154.30972 


0.9721 


0.055078 


1.554393383 


144 


1764 


2.21701654 


199 


203.73309 


0.9768 


0.0459239 


1.564782456 


193 


2352 


2.02799167 


300 


305.4238 


0.9822 


0.0352012 


1.576909638 


283 


4151 


2.07085695 


500 


506.42703 


0.9873 


0.0252208 


1.588151557 


492 


7936 


2.00389353 



These set of results above can be verified numerically jl^ (See table 1): In table 1, 
we have numerically evaluated various quantities. We found it convenient to take 
a several simple values of v and found the smallest solution ^ for it. We see that 
consistently, the ratio | approaches 1 from below. We next study how | approaches 

1 from below. We compute ^ ^^^^ and note that it approaches a constant. For 

each we find the largest solution v' satisfying Jyt (,^) = corresponding to the 
first excited state. We have had to round the value to an integer (which explain the 
fluctuations in the last column.) 



4 Connecting Mass with Net Bound State Energy 

We have taken a fermion-anti-fermion pair of mass M each, bound together in a 

2 

Yukawa potential of maximum depth ^ We have assumed that M >> m. We 
want to ultimately show that the bound state can actually be identified with the 
scalar mass m of the particle that gives rise to the Yukawa potential. In order that 
this can be done, first of all, there is a need for consistency in the mass of the bound 
state and of the scalar. We shall show that by making a small adjustment (much 

2 

much less than M) in the depth of the well ^ we can make the net energy equal 
the mass of the scalar m. We would like. 

Total relativistic energy of a bound state = 2M — e = m 

i.e. 2M -— - = m 

AM 

m^i/^ 1 1 ^ 

8M2 ~ ~ 2M ^ ~~ 
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This together with ([5]) leads to 



2M z/ ^ V y 

Compared to ^ ~ ^^^^ ^ shght relative adjustment in the depth, which 
moreover vanishes as M — )■ oo. We shall see the purpose of this minute adjustment 
more clearly in a future section. 

5 Decay of Excited States 

We would like to argue next that the exited states are highly unstable and decay 
to suitable lower excited state(s), including the ground state. The lifetime of the 
excited states tends to zero as g — t- oo. [We cannot base the result simply on 
dimensional analysis because the result depends on an overlap integral involving 
Jjy.z/ depends upon the dimensionless ratio M/m]. To begin with, we shall assume 
that g is not too large, and we can employ time- dependent perturbation theory in 
the Schrodinger picture. Let the n-th bound state [{n — 1) — th excited state] have 
energy 2M — e„ when at rest. Let the bound state under consideration be in the n*'^ 
state at t = 0. We write the Hamiltonian operator in the Schrodinger picture as, 

H = HH{t = 0) 

= Ho + gHi{t = 0) 

Hj{t = 0) = J dx ■.^{x,0)^p{x,0)(j)g{x,0) : 

Here, Hq is the free Hamiltonian, with the classical Yukawa interaction, that in 
the non-relativistic approximation leads to bound states of a fermion anti-fermion 
pair and Hj is the interaction Hamiltonian (from ([3])) that leads in particular, in 
first order perturbation theory, to a decay to a lower state with the emission of 
a scalar. Let the wave-function of the m^^ bound state in the momentum space 
be Prn (q), where 2q is the relative momentum between the quark anti-quark pair. 
We denote by J dpPn{p) \Pi —p,0) ® |0)^ the initial state, where p and —p are 
the momenta of fermion and anti-fermion relative to its rest-frame, is the mo- 
mentum of the CM and |0)^ is the vacuum state for bosons. The final state is 

7 



J dqf3m (<?) I Y + 9'' T ~ ^' ® 10- We express the relevant terms in Hj in terms of 
creation and destruction operators: 



Hi{t = 0) 

dlidpidp2 



I 



- hlj3pj){pi) V (P2) 27r(5 (/i +P2 -Pi) + ••••} 



where we have expandecl§, 



i,{x) = [ [dpu (p) e-^^ + blv (p) e^^^] 

J [2tt) lEp 

{d(p),dt(g)} = ^-nbijp-q) 



\p) = y^pdHp)\0) 
{p\p') = 27r6{p-p')2Ep 



etc.. Hj^^ consists of a term that leave anti-quarks unaffected but destroy and 

(2) 

create a quark and a scalar. Hj on the other hand consists of a term that leave 
quarks unaffected but destroy and create a anti-quark and a scalar. We note that 
dp \p') = 2i\^2Epb {p — q). We have to compute the matrix element, 



M 



P P 

dpdqf3n ip) PI, (g) (/| ® ( - + - - g, P 



Hi{t = ^) |p, -p, 0)® |0) 



M1+M2 



■^We shall use the conventions in 1131. 
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where, 



Ml = I dpdq{^ + q,^-q,P 



dhdpidp2 [dl^dp^u (pi) u {j>2) 5 {h + pi - P2)] } 



^P2 



X 5{h-l)\p,-p,Q) 

= - dpdqdlidpidp2 {[u (pi) u {P2) S {h + pi - P2)]} 



x5{h-l)5 {p2 - p) 5 (pi - g - 2715 (^-p + q- ^) 2Ep(3^ (p) (3*^ (g) 

dqu + n (^g - /3„ (^g - /?,; (g) 27r2E^_P(5 (/ + P) 
= -6il + P)Mi 

M2 = -Jdqv (^-q - V (^-q + /3„ (^g + (g) + P) 2vr2i?,+ P 

= -(5(/ + P)>l2 

Let 

Hmn = H gHj \n) = -g6 {I + P) [M1+M2] = -96 [l + P) M 

We shall be using formulas corresponding to discrete normalization rather than 
continuous. Hence, we make the replacements |1U) : 

^^S{p~p'); dl = l/^W)dHp): \\p) = 1/^2LE;\p)- al = l/^WW{p) 

[Here, dj, and refers to the discrete formulation and c?^ [p) and \p) to continuum 
formulation.]. We have, for the continuum matrix element, now called Hmn, 

H^rr ^ [2Lf^ ^/MnMmEiHmn = -Q^ {I + P) M ^ -g^6i,.pM 
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where, from now on, we shall denote by Hmn the matrix element in discrete case, 
which then is, 

eg 

Hmn = J=M5i^_p 



where c oc 1/ \J M^Mj^Ei . We now first suppose that the coupling g is weak. Then, 
we can legitimately employ the first order time-dependent perturbation theory. Ini- 
tial state of the system is the nth bound state. The amplitude that the system is 
found in a bound state m+ a scalar particle is given by |2], 

Jo y L Jq y L ^mn 

where . So the transition probability is {5f_p = 5i,-p), 

= —;-\M\ -y^d/,_p = ^ \M\ TTt — 5 — - (5,,_p; t^OO 

J_/ I l^mn \ Li \ L / 

\ 2 j 

where we have employed, 

1 sir?tx 

hmt^^ — — = d (x) 

nt 

Transition rate, which is probability per unit time, is 

Rm^n = (const)q'^ \-M\^ n———-———6 f'^^H!:!!] §^ _p- 



i^ - — "^kh^- I 
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~ Si^i-^ assuming Mm. » I » m 
Thus, the contribution to the width oi n — th state from this decay n — >■ m is 

The dimensions of F are that of M. Hence, dimensions of is M^. Since the 

former is a function of ^ and u and M , we have Vn-^m oc Mf . Let us apply 
this to the transition from 1st excited state to ground state: then, 

Mn = m, Mm = m + 2.1 { — m, ~ 2.1 — m, 

\m J \m J 

so that 

This calculation is completed in the Appendix A. 

6 Some Issues 

Before we proceed, we have a number of issues to settle: This will be done largely in 
appendices. But, here we list them and state our conclusions and how we use them. 
Approximations we made: 

• The constituents of the bound state are non-relativistic. 

• The O {g"^) interactions are sufficient to determine the bound state structure. 

• Renormalization effects on mass are ignorable. Quantum corrections to the 
classical mass of the scalar and whether that can alter our conclusions. 

The last issue will be discussed in appendix A. The first two will be discussed in 
appendix B. 
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7 Identifying Scalar Field with the Stable Bound 
State 



Consider the full propagator for the scalar field for xq > yo in presence of bound 
states. We have, 

Ap{x-y) = (O|0(x)0(i/)|O) = ($(a;)|$(i/)) 
= ($(x)|X|<l>(y)) 
= ($(x)|{S„|vl/„)(xl/„|}|$(^)) 

where |\E'„)is a stable state with the same quantum numbers as |$ (y)). As shown in 
the earlier section, there is only one such bound state, the ground state, and there 
will be a set of scattering states. We shall assume a spectral representation for the 
exact propagator: 



{p) = F.T. {Af (x-y)} 



p{a- 



■le 



with, 

p (a^) = Z6 {a^ - m^) + B6 {a' - ml) + p, {a^) 
where, mi is the rest-mass of the ground bound state, B > 0, and we assume 

Pi(^') > 

pi (a^) =0, < 

POO 

/ Pi (cr^) rfa^ = 1-Z-B 

< 1 

Here, we have assumed a relation similar to one that is thought to hold in LSZ 
formulation: 

roo 

l = Z+ p{a^)da^ 

. Then, 



Apip) 



B 



p2 _ ^2 _|_ ^g- p2 



+ 



da' 



4M2 



Pi [^^) 
_ ^2 _|_ 
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We note that usually in a QFT, Z — >■ as more and more channels in propagator 
are taken into account. Hence, we should have, B + pi (cr^) = l. Now, we study 
the propagator for small. 



as M — )■ cxD, where use has been made of Pi (c"^) da"^ < 1 . 

[An alternate argument can also be given: The last term in the above depends 
on pi (cr^) which in turn depends on probability of finding a scattering state of 
an invariant mass a, where a > 2M. We expect this to be rather less sensitive 



to m. Now, C = C {g,m,M) = C 



-9^ m M 



Now, C is dimensionless, hence 



C = C 



m 



.To the lowest order, this quantity is Oi^g"^) and also insensitive to 



2 2 

m. Hence, C ~ ^^ff ~ .For, similar reasons, we expect that, in higher orders, 
C is a function of single dimensionless variable g^jM'^ : C = C [g"^ /A'P]. In the 



2 

limit under consideration, C — C[0] = limg_^oC' [g^/AP] = the 0{g^) result ~ 
Hence, we have, 

hvriM^o^^^ = (10) 

] and we find that, the corrections to propagator is saturated by the ground bound 
state. Now, if Z — 0; S — )■ 1; the propagator itself will be represented fully by the 
propagation of bound state. 



8 Uses of this Formulation 

• This formulation allows one to look the scalar field as representing a propa- 
gating bound state. 

• In particular, the interaction Lagrangian of the scalar fields, obtained by in- 
tegrating with respect to ip, is that due to a tight bound state of ip, ip. Non- 
locality in the interaction of scalar field can be conceivably understood as due 
to the bound state nature of a scalar (p. 

• One cannot distinguish if it is a theory of an elementary field or a composite 
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bound state. 



• This formulation has been useful in study of whether bound state formation 
can affect causality of the theory [1]. 
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Appendix A 

In this appendix, we shall perform an explicit calculation of decay width for the 
process 1st excited state — )■ ground state + a scalar. We have seen, in section 5, 
that this is given by 




Here, we need estimate ■ To do this. Consider first Aii. 




Now, consider. 





oo 



dXC (^exp (-X)) exp (-i(g/m)X) + .... 



m im J 



And 



C 
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r I r dt ^ 



Thus, we find, 



m 



m 



Setting — = Q and letting m — 0, we obtain, 



dqu{q + jju(q-jj(3n(q + ^] PI, io) E^_p 



dQu [mQ + ^u (mQ -^\fJq + ^,^] F*^ (Q,0 



As m -H- and hence M — oo, we can set 



u ( mQ + ^ j u (mQ - ^ 



and also. 



Then the expression for A^i is proportional to 



M'l dQF^(^Q + ^,i^F*^{Q,i) 



5— !>00 



We recognize the above manipulations equivalent to proving: 



Ml oc I dqu[q+-]u[q--] Pn[q+^) P*m{q)E^^p 



P 
~2 



P 
2" 



dqPn{q+^]P*m{q) 
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Now, 



q + 



J dq(3r, (^q + /3*^ (g) 

dq / dxCJy exp (— m|x|)) exp I —i 

) J — oo \ 

/oo 
dxC'J^ exp (— m|x'|)) exp (zgx') 
-oo 

oc y (ixCC (^exp (— m|x|)) (^exp (— m|x|)) exp ( — 2— X J 



We employln,^ — m|x| = Int; 



1 

=F?Ti t 



We write, 



1 n df ( P \ 

- J jCC'J, {t) (t) exp i-i— (In^ - \nt)j + c.c. 

I f P \ dt f P \ 

— exp -i— Inq / —CC'J^ (t) (t) exp [t—\nt]+ c.c. 

f^dt ^ ^ . ^ . . fiP\xit\ 



(11) 



We shall write 



""^ dt ^ , , ^ , , fiP\nt\ 



+ /^^-7.(t)7.(t)exp(^j 
= /1 + /2 
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where a has been chosen so that the following approximation in the first integral l\ 
can be made small with any desired degree of accuracy [7]. 

v\ 

So that l\ can be ignored 

In the second integral, we note: < l;t real. Then 



''^ (if f 
IJ2I < / _ = In^ ~ l/21ne 



i.e., in fact, not a power-law-behaved quantity. In fact, we can estimate /2, for the 
present transition, as follows: We look at the graphs of Jy and Jyi , we find that the 
product JyJiji is sharply peaked around a value << to < ^1 so that to a leading 
approximation 



/2»exp(zzo)/ —'Ju{t)Jf,{t) 
where zq = Putting this in the expression for / in A^i, we find, using z = 

A^i oc [exp i(z — zo)Io + c.c] 

m 

= [2cos(z - 2;o)/o] 

m 



Noting that 



P 

Zq = — (In ^- Into)) 
2m 



Thus, the magnitude of a typical contribution to T indeed blows in the limit M — !■ 00. 
This implies that the first excited state is totally unstable in this limit. We can see 
that a similar conclusion plausible for higher excited states. 
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Appendix B:The Quantum Corrections to the Mass 
of the Scalar 



The mass parameter we have been using in the above is the classical mass. We need 
to see if the quantum corrections to the mass of the scalar can alter the conclusions. 
The quantum corrections, to O (g^), can be calculated by calculating the self-energy 
of the scalar, now in a model that admits bound states. As shown in the section 5, 
in the limit g — )■ oo, M — )■ oo, there is only stable bound state. As argued in section 
7, we can find the self-energy by effectively saturating the propagator by the lowest 
bound state: i.e. we shall estimate the self-energy as follows: Lowest bound state 
has a wave-function given by ([4]). Let us first consider the scalar on mass-shell with 
momentum p with on-shell. We can always go to the rest-frame of the scalar. 
When the scalar decomposes between a quark- ant iquark pair, they carry momenta 
2' ~2~^P ^i^h an amplitude $o (q)- (?) is the Fourier transform of the normalized 
ground state wave-function CJ^, exp [— m|x|/2]).We assume that the pair is near 
mass-shell and hence have ^ 0. The contribution of this intermediate state to 
the self-energy of scalar is 

^^^^^ = J ^ ^ (2^0^ (F - M^) {{k + pY - ^° ^° ^-^^ 

In $0 {k), k is effectively a one-momentum. We can carry out a Wick rotation, so 
that 



2^ ( ,2, 1 Tr[(/!+M)(M i. + M)l^ 



iE(p) = -gijd k— ^ ^^^^ ^ ^ ^^^^ % (k) % (-k) 

k now is a Euclidean momentum. We now recall that $o (^) falls of rapidly beyond 
(/c)^ > A^. We can then estimate the integral by putting a cut-off A and find: 



A2 + M2 - a{l - a)p^ 
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For = 0, we hav^, 



, A2 + M2^ 2A2 

m 



M2 / A2 + M2 



Taking into account the momentum behavior of we shall assume that A can 
be chosen as ~ M^/^. Then, we can assume A << M and, we have the quantum 
correction to m?, viz. 



W = -S(0) = — 
47r 



A^ 



(12) 



which goes to zero as M ^/^ as M — > oo. Thus, the mass of the scalar is stable 
against quantum corrections in this limit. 



Appendix C: The Bound States and Use of the Schrodinger 
Equation 

In using non-relativist ic equation, which is a second order in g i.e. O ((?^), to obtain 
the bound states, we have made several approximations: 

• The constituents of the bound state are non-relativistic. 

• The O {g"^) interactions are sufficient to determine the bound state structure. 

• Renormalization effects on mass are ignorable. 

We have already addressed to the last question. Further, in our present case, we 
have shown that ^2M^ ~ v""^^'^ (Please see ([8])). As long as u is large, i.e. for 
the low lying states, kinetic energy is small compared to the mass of fermions, and 
the constituents are non-relativistic. As to the higher order corrections, we can 
employ Bethe-Salpeter approach jTT]. We consider the next order correction to the 
non-relativistic momentum space wave-function. Let $ (p) be the momentum space 
wave-function as calculated from the Schrodinger equation. The next order diagram 
(See Fig-1) is 



*Mass correction is usually evaluated at = m^; however the difference is small and doesn't 
affect the conclusion. 



19 



p + q 



Figure 1: 0{g'^) diagram. 



$ (p + g) 



{27rf P + q- M + ie 



p + q — M + ieq^ — im? + ie 



For the ground state, $ (p + g) is damped out for |p + g| > 0{M^^^). Thus, the 
effective range of |p+q| inside the integral << M. It is not difficuh to see that 



this integral is suppressed by a dimensionless factor of O i j-p ) • [ The singular 



Thus, in this particular limit, the higher order quantum corrections are indeed negli- 
gible. We note in passing that Harindranath and Perry have dealt with a problem of 
bound states between two different species of fermions [5] in light-front field theory 
for the 1+1 dimension Yukawa problem. They have shown the connection between 
the O {g"^) quantum correction term and the Schrodinger equation (Please see Ap- 
pendix C of reference [3]). It holds under the conditions that (i) the constituents are 




dependence on m is at worst logarithmic,] Now, 




mM M M 



g"^ m m 



-T7 < 1 
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non-relativistic and (ii) the O {g^) and higher order terms in the relevant equations 
can be ignored. 
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